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Abstract
Explicit constructions of a(1)n affine Toda field theory breather solutions are presented.
Breathers arise either from two solitons of the same species or from solitons which are
anti-species of each other. In the first case, breathers carry topological charges. These
topological charges lie in the tensor product representation of the fundamental represen-
tations associated with the topological charges of the constituent solitons. In the second
case, breathers have zero topological charge. The breather masses are, as expected, less
than the sum of the masses of the constituent solitons.
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1 Introduction
Toda field theories have attracted interest for various reasons over the past few decades
[1, 2, 3]. Of particular interest is the affine Toda field theory which is a perturbed conformal
field theory that is still integrable [4]. There has been much progress in the understanding
of the real coupling regime of these affine Toda theories [5, 6, 7, 8, 9, 10, 11].
More recently, Hollowood [12] showed that the a(1)n series of affine Toda field theories
have complex soliton solutions with real energy. The reality of energy and momentum has
been generalized by Olive et al. to include all affine Toda theories associated with the
affine Kac-Moody algebras [13, 14]. The sine-Gordon theory is the simplest example of
the a(1)n series, i.e. the a
(1)
1 Toda field theory. Besides soliton and antisoliton solutions of
the sine-Gordon theory, there also exist oscillating solitonic solutions, the breathers. These
breathers are bound states of the sine-Gordon soliton and antisoliton pair. Since the a(1)n
affine Toda field theory is a generalization of the sine-Gordon theory, it is natural to ask
if such breather solutions also exist for these theories. Much has been conjectured about
the breathers of the affine Toda field theory [12, 13, 14, 15]. Calculation of the scattering
processes of the a(1)n affine Toda solitons [16] also points to the existence of these breathers,
since there are poles in the soliton S-matrix which correspond to bound states of soliton
pairs. However, an explicit construction is lacking. The motivation behind this work is
to give an explicit expression of classical breather solutions for the a(1)n affine Toda field
theory based on a similar construction to that of the sine-Gordon breather.
The affine Toda field theory Lagrangian density is given by,
L = 1
2
(∂µφ)(∂
µφ)− m
2
β˜2
n∑
j=0
nj(e
β˜αj ·φ − 1), (1.1)
where φ is an n-dimensional scalar field, m and β˜ are the mass and coupling parameters
respectively. The vectors αj with j = 1, 2, . . . , n are the simple roots of the Lie algebra g of
rank n associated with the theory. And α0 is chosen such that the set {α0, αj} represents
the affine Dynkin diagram of an affine Kac-Moody algebras. For the simply-laced Kac-
Moody algebras, α0 is the negative of the highest root ψ =
∑n
j=1 njαj ; in particular, for
the a(1)n series, nj = 1 for all j. The constants nj are inserted into the potential term so
that φ = 0 is a vacuum solution.
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Substituting the coupling parameter β˜ with a purely imaginary coupling parameter,
iβ, the affine Toda field theory potential admits multiple vacua. The existence of these
vacua signals a possibility of topological solitonic solutions which interpolate between them.
The equation of motion can be derived easily from (1.1) upon substitution of the purely
imaginary coupling parameter,
∂2φ = −m
2
iβ
n∑
j=0
njαj exp(iβαj · φ). (1.2)
Soliton solutions have been calculated using the Hirota’s methods [12, 19], and using an
algebraic method [13, 14]. This algebraic approach is a generalization of the Leznov-
Saveliev solution of the conformal Toda theory [17] where the simplest affine case, i.e. the
sine-Gordon theory, has been discussed by Mansfield [18].
For the a
(1)
1 Toda field theory, which is the sine-Gordon theory, the single soliton solution
is given by,
φ =
i
√
2
β
ln
(
1− eσ(x−vt)+ρ
1 + eσ(x−vt)+ρ
)
, (1.3)
with the constraint σ2(1 − v2) = 4m2. The parameter ρ = η + iξ is complex, and its
imaginary part determines the topological charge of the soliton. In this case, there are two
possibilities, the soliton and the antisoliton, which have the same mass equal to 8m
β2
. It is
well known (see for instance Rajaraman [21]) that beside these soliton solutions, there also
exist oscillating solitonic solutions, or breathers. The sine-Gordon breather is constructed
from two approaching soliton solutions by changing the velocity v into iv,
φbreather =
i
√
2
β
ln
(
1− eσ(x−ivt)+ρ1 − eσ(x+ivt)+ρ2 − v2e2σx+(ρ1+ρ2)
1 + eσ(x−ivt)+ρ1 + eσ(x+ivt)+ρ2 − v2e2σx+(ρ1+ρ2)
)
. (1.4)
Taking ξ1 = −ξ2 = −π2 and η1 = η2 = η, yields a soliton solution oscillating about the point
ln(v2)+2η
2σ
. As it is constructed from a soliton-antisoliton pair, this sine-Gordon breather has
zero topological charge; its mass is equal to 16m
β2
√
1+v2
.
Following the prescription of taking imaginary velocity, the breathers created from two
solitons of the a(1)n affine Toda theories can be constructed. It turns out that in order for the
energy of the breathers built from two solitons to be real, the constituent solitons must be
of the same mass and approaching each other with the same imaginary velocity, resulting
in a stationary breather. To obtain a moving breather, one can apply the usual Lorentz
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boost to the breather solution. The condition of real energy also produces an expression
for the masses of these breathers which is less than the sum of the constituent solitons.
One type of breathers can carry topological charge which coincides with the topological
charge of a certain single soliton, while the other type has zero topological charge.
This paper is organised as follows. As breather solutions are constructed from soliton
solutions, section two discusses the soliton solutions of the a(1)n series. In section three, the
breathers created from two solitons of the a(1)n series are determined, and it is shown that
there are two types. Type A breathers are constructed from two solitons of the same species
and type B breathers are constructed from two solitons of opposite species. The type A
breathers carry topological charge while type B breathers have zero topological charge,
these will be discussed in section four together with some properties of the breather solu-
tion. It will be shown also that these topological charges lie in a fundamental representation
which is a subset of a tensor product representation of the fundamental representations
which are associated to the topological charges of the constituent solitons. Section five will
discuss the sine-Gordon embedding in some cases of the a(1)n family. Examples of the a
(1)
3
and a
(1)
4 breathers are given in section six. Section seven contains concluding remarks.
2 Soliton Solutions
This section provides a review on the construction of soliton solutions for the a(1)n affine
Toda field theory [12, 19]. Soliton solutions to the affine Toda equation of motion, (1.2),
can be derived using Hirota’s method. An ansatz for the soliton solutions of the a(1)n affine
Toda field theory [12] is the following,
φ =
i
β
n∑
j=1
αj ln
τj
τ0
. (2.1)
In Hirota’s method [22], the τ -functions are a power series expansion in an arbitrary pa-
rameter ε which will be set to 1 at the end of the construction,
τj = 1 + εt
(1)
j + ε
2t
(2)
j + . . . . (2.2)
In the above expression, tj is a function of (x, t). The equation of motion is solved order by
order in the arbitrary parameter ε. An N soliton solution is calculated by setting t
(a)
j = 0
for a > N .
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Inserting the ansatz (2.1) into the equation of motion (1.2), and assuming that the set
of h = n + 1 equations of motion decouple, results in the following,
τ¨jτj − τ˙j2 − τ ′′j τj + τ ′2j = m2(τj−1τj+1 − τ 2j ) j = 0, 1, . . . , n, (2.3)
where the subscripts of the τ -functions are labelled modulo the Coxeter number h = n+1.
A single soliton solution is obtained by keeping the τ -function expansion up to the order
ε and inserting to the above equation of motion. This yields,
τ
(a)
j = 1 + exp[Ωa + ρa + ijθa] (2.4)
where,
Ωa = σa(x− uat), ρa = ηa + iξa, θa = 2πa
h
, (2.5)
σa, ua, ηa, ξa ∈ IR. The parameter σa and the velocity ua are related by,
σ2a(1− u2a) = 4m2 sin2
πa
h
. (2.6)
The superscript a of the τ -function (2.4) indicates the species of the soliton, which can
take the value 1 ≤ a ≤ n. One can also write the τ -functions with an explicit dependence
on the lightcone coordinates, x± = 1√2(t± x), then Ωa becomes,
Ωa = δ
(−)
a x+ − δ(+)a x−,
with,
δ(±)a =
1√
2
σa(1± ua).
A two soliton solution is obtained by solving the equation of motion (2.3) after inserting
the expansion of the τ -function up to second order in ε. The two soliton solution for species
a and b is,
τ
(ab)
j = 1 + exp[Ωa + ρa + ijθa] + exp[Ωb + ρb + ijθb]
+A exp[Ωa + Ωb + ρa + ρb + ij(θa + θb)] (2.7)
which can be compactly written as,
τ
(ab)
j = 1 + (τ
(a)
j − 1) + (τ (b)j − 1) + A(τ (a)j − 1)(τ (b)j − 1). (2.8)
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The interaction coefficient in the above expression is given by,
A = −(σa − σb)
2 − (σaua − σbub)2 − 4m2 sin2(πh(a− b))
(σa + σb)2 − (σaua + σbub)2 − 4m2 sin2(πh(a+ b))
. (2.9)
If the rapidity variable Θa is defined through the velocity ua as, ua = tanhΘa, then the
interaction coefficient can be written in terms of rapidity difference Θ = Θa −Θb as,
A =
sin
(
Θ
2i
+ π(a−b)
2h
)
sin
(
Θ
2i
− π(a−b)
2h
)
sin
(
Θ
2i
+ π(a+b)
2h
)
sin
(
Θ
2i
− π(a+b)
2h
) . (2.10)
As in the case for two soliton solutions, a multi-soliton solution can be constructed
from a collection of single soliton solutions [12]. The interaction between the solitons is
pair-wise with the interaction coefficient as given above.
The energy-momentum tensor of soliton solutions can be written as [13],
Tµν = (ηµν∂
2 − ∂µ∂ν)C. (2.11)
Or in terms of the lightcone components,
T+− = ∂+∂−C, (2.12)
T±± = −∂2±C. (2.13)
T+− is actually the trace of the energy-momentum tensor, then (2.12) becomes,
∂2C = −2m
2
β2
n∑
j=0
(
eiβαj ·φ − 1
)
. (2.14)
Using the soliton solutions in the energy-momentum tensor leads to the following solution
for the function C up to a constant,
C = − 2
β2
n∑
j=0
ln τj . (2.15)
The mass of the soliton solution can be calculated as follows. The energy and momen-
tum density is given in terms of components of the energy-momentum density as, E = T00
and P = T10. Consider instead, the lightcone energy-momentum density,
P± = E ± P√
2
, (2.16)
On the Breathers of a(1)n Affine Toda Field Theory 7
Thus, using (2.11), the components of the lightcone energy-momentum are given by,
P+ = (−∂+C)∞x=−∞, P− = (∂−C)∞x=−∞. (2.17)
For the single soliton solution (2.4), one finds that
∂±C = ∓ 2
β2
n∑
j=0
δ∓a (τ
(a)
j − 1)
τ
(a)
j
, (2.18)
In the limit as x→ −∞ the ratios (τ
(a)
j
−1)
τ
(a)
j
vanish, and in the limit x→∞ all the ratios tend
to 1. Recall the constraint (2.6) and write the rapidity of the soliton as Θa =
1
2
ln
(
1+ua
1−ua
)
,
then the lightcone energy-momentum of a single soliton is given by
P± =
4hm√
2β2
sin
(
θa
2
)
e∓Θa (2.19)
And its mass is calculated to be
M2a = 2P
+P− =
(
4hm
β2
sin
(
θa
2
))2
. (2.20)
Note, that the mass of the species a soliton is proportional to the mass of the fundamental
particle of the a(1)n affine Toda field theory, ma = 2m sin(
θa
2
).
For a multi-soliton solution the calculation above can be performed in the same way.
In particular a two soliton solution of species a and b yields,
√
2P± = Mae∓Θa +Mbe∓Θb. (2.21)
The single solitons of species a carry topological charges which lie in the highest weight
representation of the ath fundamental weight of the An Lie algebra [24]. Thus, it is nat-
ural to associate the species of the solitons with the nodes of the Dynkin diagram of the
associated Lie algebra, An.
3 Breather Solutions
To obtain an oscillating solitonic solution which is constructed from two solitons, one can
follow the sine-Gordon prescription of changing the velocity into an imaginary velocity, i.e.
changing u into iv in the τ -functions. Care must be taken in the analytic continuation of
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u→ iv such that the energy and momentum are real, although the energy and momentum
densities generally are complex.
Changing u into iv also means changing a real rapidity into an imaginary rapidity, with
a relation between velocity v and rapidity Θ becomes v = tan(−iΘ). From the lightcone
energy-momentum of the two soliton solution (2.21), a real energy and momentum can
be achieved provided that the two solitons forming a breather are of the same mass and
moving towards to each other with the same velocity giving a stationary breather. One
can make an oscillating solution from solitons of two different masses, but the energy and
momentum of this solution will not be real. Generally, one can add a real rapidity Θ0 as
a phase in the energy-momentum tensor, which acts as a Lorentz boost to the breather
solution. Thus,
P±breather =
4hma√
2β2
cos(Θa)e
∓Θ0 , (3.1)
ma above is the mass of the fundamental particles of the a
(1)
n affine Toda theory. For
simplicity, in what follows only stationary breathers are considered. Hence (3.1) becomes,
P±breather =
4h√
2β2
ma√
1 + v2
, (3.2)
and the mass of a breather is,
Mbreather =
2Ma√
1 + v2
=
4hma
β2
√
1 + v2
. (3.3)
It is obvious that the mass of a breather is less than the sum of its constituent solitons. This
result generalizes the sine-Gordon case, i.e. taking h = 2 gives the mass of the sine-Gordon
breather.
The masses ma of the fundamental particles of a
(1)
n series are degenerate with respect
to the Z2 symmetry of the An Dynkin diagram, i.e. ma = mh−a. Hence, there are two
possibilities of forming a breather. Either the two constituent solitons are of the same
species, these breathers will be called type A breathers or, the two constituent solitons are
of opposite species, type B breathers. Exceptions to this classification are the breathers
constructed from solitons of species (n + 1) of the a
(1)
2n+1 theories. These breathers are
sine-Gordon embedded breathers which belong to both type A and B as will be explained
in the following sections.
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Looking back at the τ -function of a two soliton solution of the same constituent mass,
choosing ua = −ub = iv yields the breather τ -function,
τ
(ab)
j = 1 + exp[σa(x− ivt) + ρa + ijθa] + exp[σb(x+ ivt) + ρb + ijθb]
+ exp[σ+x+ λ+ ρ+ + ijθ+], (3.4)
the interaction coefficient is written as A = eλ with λ = ζ + iδ, where ζ, δ ∈ IR and
σ+ = σa + σb, ρ+ = ρa + ρb, θ+ = θa + θb,
η− = ηa − ηb, ξ+ = ξa + ξb.
Note that for solitons of the same mass, σa = σb. By the ansatz (2.1), it is clear that in
order to have a well-defined solution, each αj component of the solution φ must be well
defined. Thus, for each j, the ratio τj
τ0
must not become zero or infinite. Evaluation of the
behaviour of the τ -function can be done easily by writing the real and imaginary part of
(3.4) explicitly. It turns out that to avoid the real and imaginary part of (3.4) becoming
zero simultaneously at the same point, the parameters ξ+ and η− are restricted to a certain
range of definition.
Moreover, for type A and B breathers, the interaction coefficient can have either positive
or negative value. The critical velocity when the interaction coefficient changes sign is, for
a type A breather
v(A)c = tan(
θa
2
), (3.5)
and for a type B breather,
v(B)c =
1
v
(A)
c
. (3.6)
For breathers with constituent solitons of species a = h
2
, the interaction coefficient never
changes sign.
3.1 Type A Breathers
The breathers with constituent solitons of the same species will have a negative interaction
coefficient, A < 0, when v2 < v(A)2c (see figure 1). For these breathers, both the real and
imaginary part of (3.4) will be trivially zero when the parameters ξ+ have the following
values,
ξ+ = (2π − jθ+) mod 2π, j = 0, . . . , n. (3.7)
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This divides the range of ξ+ into several regions which will determine the topological charge
of the breather.
Furthermore, the maximum “distance” of separation between the two constituent soli-
tons is restricted as follows,
−min
j
(ηjc) < η− < minj
(ηjc),
where,
ηjc = arcosh
[
2|A| sin2 1
2
(ξ+ + jθ+) + 1
]
,
with j = 0, . . . , n. Each ηjc above will restrict τj such that it will never be zero. Hence, for
all τ -functions to avoid zero, the minimum value of ηjc is taken as the limit on the range of
η−.
For breathers of type A with positive interaction coefficient, the parameters ξ+ must
not have the following values,
ξ+ = (π − jθ+) mod 2π, j = 0, . . . , n. (3.8)
The separation “distance” is restricted as above with,
ηjc = arcosh
[
2A cos2
1
2
(ξ+ + jθ+)− 1
]
.
As ηjc are defined through an arcosh-function, these η
j
c in turn will restrict the allowed
velocity of the constituent solitons. Generally, not all v2 > v(A)2c are allowed. In fact all
velocities with absolute value greater than the absolute value of the critical velocity are
allowed if for all j the following is true,
[
1− cos
2 1
2
(ξ+ + jθ+)
cos2( θ+
4
)
]
< 0.
Otherwise, the velocity is bounded from above by,
v(A)2c < v
2 ≤ v
(A)2
c
max
j
[
1− cos2 12 (ξ++jθ+)
cos2(
θ+
4
)
] .
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3.2 Type B Breathers
The constituent solitons of type B breathers are of opposite species. The negative interac-
tion coefficient regime is accomplished with v2 > v(B)2c . In this case, the real and imaginary
part of the τ -functions will be trivially zero for
ξ+ = 0 mod 2π, (3.9)
i.e. the parameter ξ+ must not be an integer multiple of 2π. For each τj to avoid zero, the
separation parameter η− is limited to take values between,
−min
j
(ηjc) < η− < minj
(ηjc),
where,
ηjc = arcosh
[
2|A| sin2 1
2
(ξ+ + jθ+) + 1
]
,
with j = 0, . . . , n. As for type A breathers, each τj has its own η
j
c , and the smallest of
these is taken as the limit.
Contrary to the type A breathers, it is not possible to have type B breathers with
positive interaction coefficient, or to have velocity v2 < v(B)2c . Since the τ -functions would
necessarily pass the origin and this would lead to a solution which is not well-defined.
4 Properties of the Breather Solutions
4.1 The Interaction Coefficient
The interaction coefficient A has properties similar to the properties of the S-matrix of
the fundamental Toda particles. Recall the expressions for A from (2.9) and (2.10). The
interaction term of the type A breathers is,
Aaa =
v2
(1 + v2) cos2( θa
2
)− 1 , (4.1)
or in terms of rapidity difference iΘ,
Aaa =
sin2( iΘ
2
)
sin( iΘ
2
+ θa
2
) sin( iΘ
2
− θa
2
)
. (4.2)
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And for type B breathers,
Aaa¯ = (1 + v
2) cos2(
θa
2
)− v2, (4.3)
in terms of rapidity difference iΘ,
Aaa¯ =
cos( iΘ
2
+ θa
2
) cos( iΘ
2
− θa
2
)
cos2( iΘ
2
)
. (4.4)
As the case of S-matrices of fundamental Toda particles, these interaction coefficients
admit a pole. For type A breathers,
v = v(A)c or, iΘ =
2πa
h
(4.5)
and, for type B breathers,
v →∞ or, iΘ = π. (4.6)
It is readily seen that the pole of Aaa is exactly the fusing angle related to the process
a + a → (h− 2a) of the fundamental particles [5]. Hollowood noted that the same fusing
rule also applies to soliton fusings in a(1)n theories [12]. In fact, the fusing rule of fundamental
particles applies also to all simply laced affine Toda solitons [13, 23]. The fusing of two
solitons of species a into (h− 2a) hinted that the topological charge of type A breathers
has to be found in the same representation as the topological charges of (h− 2a) single
solitons.
It is not surprising that at the pole of the interaction coefficient, the breathers fail to
exist. Using the breather τ -function, (3.4), with the interaction coefficient approaching
its pole, the interaction term dominates. Hence, the solution falls into one of the vacuum
solutions of the complex affine Toda potential,
φ = − 1
β
n∑
j=1
jαjθ+. (4.7)
On the other hand, if the positions of the constituent solitons are simultaneously shifted
by − ζ
2
, i.e. changing η → η− ζ
2
, the breather turns into a static solution as the interaction
coefficient approaches its pole.
When there is no interaction between the constituent solitons, the interaction coefficient
is zero. In this case, the τ -functions do not give a well defined solution, as the τ -functions
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will vanish at a particular point in space-time. This is quite obvious, since the breathers
are bound states of soliton pairs and therefore a breather interaction coefficient cannot be
zero.
Furthermore, the interaction coefficient A has the following general properties some of
which are similar but not the same as the properties of the S-matrix,
• Crossing symmetry
Aaa(v) = A
−1
aa¯ (
1
v
) or, Aaa(iΘ) = A
−1
aa¯ (iΘ− π). (4.8)
• Evenness
A(v) = A(−v) or, A(iΘ) = A(−iΘ). (4.9)
• Symmetry
Aaa¯(v) = Aa¯a(v) or, Aaa¯(iΘ) = Aa¯a(iΘ). (4.10)
• Periodicity
A(iΘ) = A(iΘ+ 2π). (4.11)
4.2 The Topological Charges
In the soliton solutions of the complex affine Toda field equations, the topological charge
is a conserved quantity of zero spin. For the a(1)n series, topological charges of the single
and multi-soliton solutions have been calculated [24]. Unfortunately, the calculation of
topological charges of multi-soliton solutions used there is not applicable for breathers
because the two solitons constituting the breather only separate a finite “distance” from
each other.
The topological charge q of a solution φ is defined by
q =
β
2π
∫ ∞
−∞
∂xφdx =
β
2π
lim
x→∞(φ(x, t)− φ(−x, t)). (4.12)
Writing the solution φ in terms of the breather τ -functions, defining fj =
τj
τ0
for j = 1 . . . n
and making use of the definition of the logarithm of a complex number, (4.12) can be recast
as
q = − 1
2πi
n∑
j=1
αj lim
x→∞{ln |fj(x, t)| − ln |fj(−x, t)|
+ i arg(fj(x, t)) + 2iπk
′ − i arg(fj(−x, t))− 2iπk′′}, (4.13)
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where k′, k′′ ∈ ZZ. A simplification of (4.13) results from the fact that lim|x|→∞ |fj(x, t)| = 1,
thus
q = − 1
2π
n∑
j=1
αj lim
x→∞{arg(fj(x, t))− arg(fj(−x, t)) + 2πk} (4.14)
with k = k′ − k′′. The number k determines the curve fj in the complex plane, and in
particular, how often and in what direction it winds around the origin. The topological
charge is therefore determined by the change in the argument of fj as |x| goes to infinity.
For the type A breather it is not too difficult to deduce the number of distinct topological
charges in the fashion of [24]. The number of the topological charges is determined by the
number of sectors of allowed values of ξ+. From the expression for forbidden ξ+’s, (3.7) or
(3.8), it follows that one looks for the smallest number p for which
2ap
h
= kwith p, k ∈ IN. (4.15)
Here a is the species of the constituent solitons and h is the Coxeter number.
With 2a˜ = 2a
gcd(2a,h)
, h˜ = h
gcd(2a,h)
then (4.15) can be rewritten as
2a˜p = h˜k. (4.16)
Because 2a˜ and h˜ are coprime it follows that p = h˜ and k = 2a˜. Thus the range of the
allowed values for ξ+ is divided into h˜ sectors. This leads to the following formula for the
maximum number of topological charges of type A breather with constituent solitons of
species a
h˜ =
h
gcd(2a, h)
. (4.17)
This argument holds independently of the sign of the interaction coefficient. The argument
of fj(x, t) can only change when fj(x, t) is undefined or zero, hence the topological charge
within each sector is constant. It turns out that in each of these sectors, the topological
charges take a different unique value. These topological charges are related by permuta-
tion of the roots αj for j = 0, . . . , n. The topological charge of a specific sector will be
determined first, and is called the highest charge [24]. Then it will be shown that in all
other sectors, the topological charges will be different. This means that h˜ is indeed the
number of topological charges associated with a breather.
On the Breathers of a(1)n Affine Toda Field Theory 15
In the following, calculation of the highest charge will be performed for a type A
breather with negative interaction coefficient. The calculation for positive interaction co-
efficient is the same and will not be presented here. To calculate the highest topological
charge, one has to employ a little trick first to simplify the breather τ -function. The type
A breather τ -function is given by
τ
(aa)
j = 1 + exp[σa(x+ ivt) + ρ+ ijθa] + exp[σa(x− ivt) + ρ′ + ijθa]
− exp[ζ + 2σax+ ρ+ + 2ijθa].
First choose t = 0 because the topological charge does not depend on the time. Second
choose ρ = −ζ/2 + ρˆ and ρ′ = −ζ/2 + ρˆ′, this corresponds to a simultaneous shift of the
constituent solitons to the left. By this shifting, the last term in the breather τ -function
will not depend on the interaction coefficient A,
τ
(aa)
j = 1 + exp(σax+ ijθa − ζ/2)(eρˆ + eρˆ
′
)− exp(2σax+ ρˆ+ + 2ijθa).
With µa(2j) =
4πaj
h
mod 2π, the limits |x| → ∞ of fj will give
lim
x→∞ fj = e
iµa(2j),
lim
x→−∞ fj = 1. (4.18)
Moreover one can take the limit ζ approaching +∞, this corresponds to choosing the
velocity v very near to v(A)c . As long as v is not equal to v
(A)
c the breather solution is
well-defined by construction. Write y = e2σax, then provided one does not take the limit
x→∞, the y1/2 term can be dropped,
τ
(aa)
j = 1 + y
1/2 exp(ijθa − ζ/2)(eρˆ + eρˆ′)− y exp(ρˆ+ + 2ijθa)
= 1− y exp(ρˆ+ + iµa(2j)). (4.19)
By splitting the ratio fj into its real and imaginary part one can now easily show that
fj traces out a clockwise curve in the complex plane, i.e. the winding number k is zero.
To see this take ρˆ = ρˆ′ = i(π − ε
2
) where ε is a real, positive and infinitesimal parameter,
τj = 1− y exp(i(µa(2j)− ε)).
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Then the ratio fj can be written as
fj =
1
|1− yeρˆ+ |2 [1− y(cos(µa(2j)− ε) + cos(ε)) + y
2 cos(µa(2j))
+i{−y(sin(µa(2j)− ε) + sin(ε)) + y2 sin(µa(2j))}].
The only zeros for the imaginary part occur when y = 0 and
y =
sin(µa(2j)− ε) + sin(ε)
sin(µa(2j))
,
with µa(2j) 6= 0 or π. For small ε this is
y = 1 + ε
1− cos(µa(2j))
sin(µa(2j))
+O(ε2). (4.20)
Now inserting (4.20) into the real part of fj results in,
ℜe(fj |1− yeρˆ+|2) = −2ε1− cos(µa(2j))
sin(µa(2j))
+O(ε2).
One should also observe that in the small ε regime the imaginary part behaves for small y
like
ℑm(fj|1− yeρˆ+|2) = −y sin(µa(2j)) + . . . .
So, for 0 < µa(2j) < π, the curve starts at (1, 0) with a negative imaginary part and
crosses the negative part of the real line. For π < µa(2j) < 2π, it starts at (1, 0) with a
positive imaginary part and crosses the positive part of the real line. In any case, it winds
around the origin in the clockwise sense. Thus, the change of argument of fj is given by
µa(2j)−2π. The explicit formula for the highest topological charge is therefore determined
by (4.14)
q(1)a =
n∑
j=0
2a(h− j) mod h
h
αj . (4.21)
In the summation above, the extended root α0 is included for convenience in the permuta-
tion of the simple roots and α0. As mentioned previously, this result does not depend on
the sign of the interaction coefficient.
From this highest charge, one can obtain all the other charges as follows. Suppose
initially the value of ξ+ is chosen. Then, making a shift of
4πa
h
on this ξ+ amounts to
sending the breather solution to a different sector of ξ+. Successive applications of this
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shift will bring the breather solution to every allowed sector of ξ+. With the h˜
th application
it will return to the original sector. Recall that with (4.19) the breather solution is given
by,
φ =
i
β
n∑
j=0
αj ln(1− ω2ja yeρˆ+).
Making the shift ξ+ → ξ+ − 4πah in the above solution gives,
φ =
i
β
n∑
j=0
αj ln(1− ω2ja yeρˆ+−
4iπa
h ) =
i
β
n∑
j=0
αj+1 ln(1− ω2ja yeρˆ+).
Thus this shifting is the same as cyclically permuting the roots αj for all j = 0, . . . , n. And
hence, each shifting results to a different topological charge. Since the maximum number
one can shift ξ+ is h˜ times, then h˜ is exactly the number of topological charges of the
breather solution. The expression for all the topological charges is
q(k)a =
n∑
j=0
2a(h− j) mod h
h
α(j+k−1), k = 1, 2, . . . , h˜, (4.22)
where the roots αj are labelled modulo h.
This is analogous to the one soliton case [24]. Furthermore, as explained in the same
paper, all these topological charges lie in the same representation because they are related
by a Weyl transformation as will be shown in the next subsection.
For the type B breather it has been determined in a preceding caculation (subsect.
3.2) that there is only one sector of allowed values for ξ+. The only possible way for the
topological charge to change is whenever the ratio fj is not well-defined, i.e ξ+ changes from
one sector to another. So, in this case there cannot be a change in the topological charge.
The only open question now is what value the topological charge takes. To determine this
one simply follows the previous prescription [24]. The τ -functions for the type B breather
are given by
τ
(aa¯)
j = 1 + exp[σa(x+ ivt) + ρ+ ijθa] + exp[σa(x− ivt) + ρ′ − ijθa]
− exp[ζ + 2σax+ ρ+],
where a¯ = h − a. Because the topological charge is time independent one can set t = 0.
Also, one can substitute exp(σax) = z, ρ = ρ
′ = i(π + ǫ
2
) with ǫ ∈ IR and infinitesimal.
The τ -function is then given in the compact form
τ
(aa¯)
j = 1− 2z cos(jθa)ei
ǫ
2 − z2eζ+iǫ.
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Let fj be defined as before. The start and end point of the curve traced out by fj as x goes
from −∞ to ∞ are in this case the same, fj(x = ±∞) = 1. Solving an equation for the
imaginary part of fj one finds that these are also the only points for which the imaginary
part vanishes. Therefore the winding number k is zero, because the curve cannot wrap
around the origin. Moreover, since the change of arguments of fj as x goes from −∞ to
∞ is zero, the topological charge of any type B breather is deduced to be zero. In a sense,
type B breathers are sine-Gordon like breathers. The constituent solitons are of opposite
topological charges such that the resulting breather has zero topological charge. In fact,
as will be discussed in the next section, type B breathers do not come from a sine-Gordon
embedding in the theory.
4.3 Topological Charge and Representation Space
It is natural to expect that the topological charges which have been derived in the previ-
ous calculation lie in the tensor product representation of the fundamental representation
associated with the topological charges of the constituent solitons. In fact, for the type A
breather, with the exception for breathers built from species (n + 1) in the a
(1)
2n+1 cases,
the topological charges lie in the fundamental representation which is a component of the
Clebsch-Gordan decomposition of the tensor product representation. For type B breathers
and the exceptional cases above, the topological charge (which is zero) lies in the sin-
glet representation component of the Clebsch-Gordan decomposition of the tensor product
representation.
For the non-zero highest topological charge, the first step is to show that it lies in
the Rλ2a mod h fundamental representation. This will be shown using a combination of
Weyl transformations [24]. Then the second step is to show the other topological charges
are related to the highest charge by a special Coxeter element of the Weyl group. It is
convenient to write the highest charge (4.21) as
q(1)a =
n∑
j=0
bj mod h
h
αj , (4.23)
where b = h− (2a mod h). Because of the Z2 symmetry of the simple roots, it is necessary
to consider only the case b ≤
[
h
2
]
. The notation [x] means the largest integer less or equal
to x, hence for h even,
[
h
2
]
= h
2
, and for h odd,
[
h
2
]
= h−1
2
. Furthermore, (4.23) can be
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rewritten in terms of the fundamental weights λj defined by
2λj ·αk
α2
k
= δjk as follows,
q(1)a =
1
h
{2[b mod h]− [2b mod h]}λ1 + 1
h
{2[bn mod h]− [b(n− 1) mod h]}λn
+
n−1∑
j=1
1
h
{2[bj mod h]− [b(j − 1) mod h]− [b(j + 1) mod h]}λj . (4.24)
Then the following can be demonstrated easily,
q(1)a · αj =


1 j = n,
0 or − 1 j = n− 1,
0 or − 1 or 1 1 ≤ j < n− 1.
(4.25)
The part q(1)a ·αj = −1 for j < n−1 will be demonstrated in the following. Let, bj = ch+d
where d < b and c ≥ 0, thus j = 1 is excluded. Then with (4.24) one find that,
q(1)a · αj =
1
h
{2[bj mod h]− [b(j − 1) mod h]− [b(j + 1) mod h]}
=
1
h
{2d− (d− b+ h)− (d+ b)} = −1.
There are (b− 1) terms of q(1)a ·αj = −1 for j < n− 1 since this happens only when d < b.
Furthermore, it is straightforward to see that for 1 < j < n− 1
q(1)a · αj = −1 =⇒ q(1)a · αj−1 = 1. (4.26)
Thus, if the scalar products of q(1)a with the simple roots {αj} is written as a row vector,
it has the entry 1 at nth position and there are (b− 1) pairs of (1,−1) to the left of it,
q(1)a · {αj} = (0, . . . , 0, 1,−1, 0, . . . , 1,−1, 1,−1, . . . , 0, 1),
the jth entry of the row vector on the right-hand side is q(1)a · αj .
It is also elementary to see the following. Suppose a weight γ1 has a scalar product
with the simple roots as γ1 · {αj} = (0, . . . , 0, 1,−1, 0, . . . , 0). Consider the Weyl reflection
r with respect to the simple root αk where γ1 · αk = −1. The action of r on γ1 will shift
the pair (1,−1) in γ1 · {αj} one step to the right, i.e. r : γ1 −→ γ′1 with
γ′1 · {αj} = (0, . . . , 0, 0, 1,−1, . . . , 0).
For a weight γ2 which has γ2 · {αj} = (0, . . . , 0, 1,−1, 1, . . . , 0), consider the Weyl reflection
r′ with respect to the simple root αk where γ2 · αk = −1. The action of r′ on γ2 will give
γ′2 where,
γ′2 · {αj} = (0, . . . , 0, 0, 1, 0, . . . , 0).
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So, using a combination of these Weyl transformations, q(1)a can be transformed into a
fundamental weight, q(1)a −→ λ, where
λ · {αj} = (0, . . . , 0, 1, 0, . . . , 0).
Since there are (b−1) pairs of (1,−1) in q(1)a ·{αj} row vector, then after these combination
of Weyl transformations the entry 1 will appear at the position n − (b − 1) = 2a mod h.
Hence the highest topological charge q(1)a lies in the fundamental representation Rλ2a mod h .
Recall that the rest of the topological charges are obtained by cyclically permuting
the simple roots and α0, (4.22). This cyclic permutation is the same as the action of the
following Coxeter element of the Weyl group on q(1)a ,
ωtc = r1r2 . . . rn, (4.27)
where rj is a Weyl reflection with respect to the simple root αj . Then, the topological
charges are related to the highest charge by,
q(k)a = ω
k−1
tc (q
(1)
a ). (4.28)
Note that the ordering of Weyl reflections above is special, other orderings do not neces-
sarily relate one topological charge to another. The relation (4.28) is straightforward to
see using the fact that,
ωtc(αj) = αj+1 for j = 0, 1, . . . , n (4.29)
the simple roots and α0 are labelled modulo h. Further examination of (4.22) shows that
the set of topological charges {q(k)a } coincides with the topological charges of the species
2a mod h single solitons.
The next task is to show that Rλ2a mod h is a component of the Clebsch-Gordan decom-
position of Rλa ⊗Rλa . This will be shown using a conjecture attributed to Parthasarathy,
Ranga Rao and Varadarajan [25]. The PRV conjecture may be stated as follows: let γ¯ be
a unique dominant weight of the Weyl orbit of γ = λ+ωµ for any ω in the Weyl group and
λ, µ are highest weights, then Rγ¯ appears with multiciplity of at least one in the decom-
position of Rλ ⊗Rµ, where Rλ and Rµ are finite dimensional irreducible representations
with highest weights λ and µ respectively. This conjecture has been proved recently [26];
it was first used in the context of affine Toda theories by Braden [27].
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For convenience of calculation, one can write the fundamental weights of the Lie algebra
An as follows,
λa =
a∑
j=0
(h− a)j
h
αj +
n∑
j=a+1
a(h− j)
h
αj . (4.30)
By the Z2 symmetry of the simple roots of An, one has to consider only the case a ≤ [h2 ].
Choose ω to be the Coxeter element defined in (4.27). Then, remembering the action of
this Coxeter element on the simple roots, c.f. (4.29), it is easy to show that
λa + ω
a
tcλa = λ2a. (4.31)
It is obvious that λ2a is a unique dominant weight of the Weyl orbit. Thus by PRV
conjecture Rλ2a mod h ⊂ Rλa ⊗Rλa .
This completes the claim that all the topological charges lie in the same fundamental
representation Rλ2a mod h which is an irreducible component of Rλa ⊗Rλa ,
{q(k)a } ∈ Rλ2a mod h ⊂ Rλa ⊗Rλa . (4.32)
However, as noted in the previous calculation, the number of topological charges is h˜ =
h
gcd(2a,h)
which is generally less than the dimension of Rλ2a mod h. So, the topological charges
of type A breathers, normally do not fill the fundamental representation Rλ2a mod h. Only
particular combinations of the topological charge of the constituent solitons can make up
a breather. A special case of the type A breather is when the constituent solitons come
from the fundamental representation Rλa which is self-conjugate, this happens for Rλn+1
in the representation of A2n+1. This breather belongs to both type A and B.
For the type B breathers and the exceptional case above, the fundamental representa-
tions of its constituent solitons are conjugate of each other (or self-conjugate). Thus, the
topological charge of these breathers will lie in the tensor product Rλa ⊗Rλh−a . Using the
PRV conjecture as before, it can be shown that
λa + ω
a
tcλh−a = 0. (4.33)
Hence, the trivial singlet representation appears in the Clebsch-Gordan decomposition of
this tensor product. It is in this singlet representation that the topological charge lies.
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5 Sine-Gordon Embedding
Automorphisms of the Dynkin diagram can be used to reduce an affine Toda theory to
another affine Toda theory with fewer scalar fields [2]. Using this reduction method, Sasaki
noted that in the a(1)n affine Toda theories with a real coupling parameter, there are ways
to reduce some members of the a(1)n family to the a
(1)
1 theory, i.e. the sinh-Gordon theory
[28]. The same procedure can be applied in the case of complex Toda theories. Define the
solution to the equation of motion (1.2) as,
φ = µψ, (5.1)
where µ is some vector to be determined. Then (1.2) becomes,
µ∂2(βψ) = im2
n∑
j=1
αj
(
eiβαj ·µψ − eiβα0·µψ
)
. (5.2)
The aim is to reduce (5.2) above into the sine-Gordon equation of motion by choosing a
suitable µ,
µ∂2(βψ) = im2µ
(
eiβψ − e−iβψ
)
= −2m2µ sin(βψ). (5.3)
There are two kinds of reductions. A direct reduction results when several nodes of the
affine Dynkin diagram which do not have a direct link are identified. When linked nodes
are transposed, this results in a non-direct reduction.
One can reduce the a
(1)
2n+1 theories to a
(1)
1 theory using a direct reduction by choosing
µ as follows [28],
µ1 = α1 + α3 + . . .+ α2n−1 + α2n+1. (5.4)
The vector µ1 is an invariant vector under the Zn+1 symmetry which identifies αj → αj+2.
Projecting the simple roots of a
(1)
2n+1 to µ1 subspace gives the simple roots of a
(1)
1 with
multiplicity (n+ 1),
αj · µ1 = 2 or − 2,
for j odd or even respectively. A non-direct reduction is a two step reduction, first a
(1)
4n−1
can be reduced to the three dimensional subspace of a
(1)
3 then a
(1)
3 can be reduced to a
(1)
1
[28]. There are two choices of µ for this non-direct reduction,
µ2 = α1 + α2 + α5 + α6 + . . .+ α4n−3 + α4n−2, (5.5)
µ3 = α2 + α3 + α6 + α7 + . . .+ α4n−2 + α4n−1, (5.6)
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in the above, µ3 is obtained from µ2 by cyclically permuting the simple roots of a
(1)
4n−1 once.
Together with the vector µ1, these three vectors are invariant under the Zn symmetry
which identifies αj → αj+4. The simple roots of a(1)4n−1 can be projected to µ2 or µ3 giving
the simple roots of a
(1)
1 with multiplicity 2n.
In terms of the single soliton τ -functions (2.4), direct reduction forces some τ -functions
to be equal leaving only two different τ -functions,
τ
(a)
0 = τ
(a)
2 = . . . = τ
(a)
2n and τ
(a)
1 = τ
(a)
3 = . . . = τ
(a)
2n−1, (5.7)
with,
τ
(a)
j = 1 + ω
j
ae
(Ωa+ρ).
Since ωja = exp(
2iπa
h
j), it is clear that for the a
(1)
2n+1 theories, only solitons of species
a = (n + 1) are the true sine-Gordon solitons embedded in the theory. For the non-direct
reductions, one has to have the following condition for the τ -functions. Using µ2 yields,
τ
(a)
0 = τ
(a)
3 = τ
(a)
4 = . . . = τ
(a)
4n−4 = τ
(a)
4n−1,
τ
(a)
1 = τ
(a)
2 = τ
(a)
5 = . . . = τ
(a)
4n−3 = τ
(a)
4n−2,
and for the choice of µ3,
τ
(a)
0 = τ
(a)
1 = τ
(a)
4 = . . . = τ
(a)
4n−4 = τ
(a)
4n−3,
τ
(a)
2 = τ
(a)
3 = τ
(a)
6 = . . . = τ
(a)
4n−2 = τ
(a)
4n−1.
These conditions on the τ -functions of a
(1)
4n−1 will never be satisfied. This is because for
h = 4n, the factor ωja cannot be equal to ω
j+1
a since j and (j + 1) are coprime.
Thus, the solitons associated with middle spot of the A2n+1 Dynkin diagram are the only
sine-Gordon solitons embedded in the a
(1)
2n+1 affine Toda theories. Hence, these solitons can
bind together resulting in sine-Gordon breathers, i.e. type A breathers with zero topological
charge. Note also that type B breathers by the above definitions are not formed from any
sine-Gordon embedded solitons.
6 Examples
In this section the case of a
(1)
3 and a
(1)
4 breathers will be given as examples.
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The number above each spot on the Dynkin diagram are the number of topological
charges of the type A breathers constructed from solitons associated with each spot (see
figure 2). The topological charges of the type A breather, q(k)a , are listed below. The
subscript denotes the species of the constituent solitons and the superscript labels the
topological charges, q(1)a is the highest topological charge.
q
(1)
1 =
1
2
α1 +
1
2
α3,
q
(2)
1 = −
1
2
α1 − 1
2
α3,
and,
q
(1)
2 = 0.
The topological charges {q3} is the same as {q1} and not listed above. All type B breathers
have zero topological charge.
The topological charges {q1}, and hence also {q3}, lie in the second fundamental rep-
resentation, Rλ2 ⊂ Rλ1 ⊗ Rλ1 or Rλ3 ⊗ Rλ3 . The dimension of Rλ2 is 6, and there are
only 2 topological charges for φ11 or φ33 breathers. Thus, these topological charges do not
fill up Rλ2 . For q2, as explained in the previous section, this is an embedded sine-Gordon
breather, hence q2 = 0.
Since topological charges are conserved quantities, it follows that for both type A
breathers and type B breathers qa is equal to the sum of the topological charges of the
constituent solitons. Thus only a special combination of constituent solitons can make up
a breather.
The Dynkin diagram for A4 can be found in figure 3. The topological charges of type
A breathers in a
(1)
4 are listed as follows. Breathers from species a = 1 solitons:
q
(1)
1 =
3
5
α1 +
1
5
α2 +
4
5
α3 +
2
5
α4,
q
(2)
1 = −
2
5
α1 +
1
5
α2 − 1
5
α3 +
2
5
α4,
q
(3)
1 = −
2
5
α1 − 4
5
α2 − 1
5
α3 − 3
5
α4,
q
(4)
1 =
3
5
α1 +
1
5
α2 − 1
5
α3 +
2
5
α4,
q
(5)
1 = −
2
5
α1 +
1
5
α2 − 1
5
α3 − 3
5
α4.
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Breathers from species a = 2 solitons:
q
(1)
2 =
1
5
α1 +
2
5
α2 +
3
5
α3 +
4
5
α4,
q
(2)
2 = −
4
5
α1 − 3
5
α2 − 2
5
α3 − 1
5
α4,
q
(3)
2 =
1
5
α1 − 3
5
α2 − 2
5
α3 − 1
5
α4,
q
(4)
2 =
1
5
α1 +
2
5
α2 − 2
5
α3 − 1
5
α4,
q
(5)
2 =
1
5
α1 +
2
5
α2 +
3
5
α3 − 1
5
α4.
Breathers from species a = 3 solitons:
q
(1)
3 =
4
5
α1 +
3
5
α2 +
2
5
α3 +
1
5
α4,
q
(2)
3 = −
1
5
α1 +
3
5
α2 +
2
5
α3 +
1
5
α4,
q
(3)
3 = −
1
5
α1 − 2
5
α2 +
2
5
α3 +
1
5
α4,
q
(4)
3 = −
1
5
α1 − 2
5
α2 − 3
5
α3 +
1
5
α4,
q
(5)
3 = −
1
5
α1 − 2
5
α2 − 3
5
α3 − 4
5
α4.
Breathers from species a = 4 solitons:
q
(1)
4 =
2
5
α1 +
4
5
α2 +
1
5
α3 +
3
5
α4,
q
(2)
4 = −
3
5
α1 − 1
5
α2 +
1
5
α3 − 2
5
α4,
q
(3)
4 =
2
5
α1 − 1
5
α2 +
1
5
α3 +
3
5
α4,
q
(4)
4 = −
3
5
α1 − 1
5
α2 − 4
5
α3 − 2
5
α4,
q
(5)
4 =
2
5
α1 − 1
5
α2 +
1
5
α3 − 2
5
α4.
These topological charges lie in the following fundamental representation,
{q(k)1 } ∈ Rλ2 ⊂ Rλ1 ⊗Rλ1 ,
{q(k)2 } ∈ Rλ4 ⊂ Rλ2 ⊗Rλ2 ,
{q(k)3 } ∈ Rλ1 ⊂ Rλ3 ⊗Rλ3 ,
{q(k)4 } ∈ Rλ3 ⊂ Rλ4 ⊗Rλ4 .
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There is no sine-Gordon embedding in this case. And the topological charges of all type B
breathers are zero.
7 Conclusions
Following the example of the sine-Gordon theory, classical oscillating soliton solutions of
the a(1)n affine Toda theories have been constructed as bound states of soliton pairs. These
breathers are classified by the species of the constituent solitons. These can either be two
solitons of the same species (type A breathers) or solitons of antispecies (type B breathers).
The topological charges of these breather solutions have been calculated. Type A
breathers carry topological charges which lie in the fundamental representation Rλ2a mod h
⊂ Rλa ⊗ Rλa , where a is the species of the constituent solitons. To be precise, these
topological charges coincide with the topological charges of the single soliton of species
2a mod h. Therefore the fundamental representation Rλ2a mod h is normally not filled up
[24]. It is a mystery that only certain combinations of the topological charges of the
constituent solitons are allowed to bind together to yield a breather. An understanding of
these phenomena is far from complete. It is conjectured that in the quantum theory there
are more states than classical solutions [16]. In other words, the topological charges in the
quantum theory have been conjectured to fill up the associated fundamental representation.
As part of the spectrum of the quantum theory corresponds to classical soliton and breather
solutions, one might have thought that the classical breather solutions give at least some
of the missing topological charges. This appears not to be the case, at least for breathers
with two constituent solitons.
Exceptional cases of type A breathers are those constructed from solitons of species
(n + 1) in the a
(1)
2n+1 theories. These are embedded sine-Gordon breathers which belong
to type A and type B since both carry zero topological charge. They differ from the type
B breathers as type B are sine-Gordon like breathers. It has been shown that in both of
these cases, the topological charge lies in the singlet component of the Clebsch-Gordan
decomposition of the tensor product of a fundamental representation with its conjugate
representation.
Of no less important interest are breathers in other affine Toda theories. It will be
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interesting to know how many breathers can be constructed from their solitons.
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Figure 1: The graph shows the behaviour of the interaction coefficient for the type A
breather solution. The interaction A′ is given by A′ = A cos(θ/2), the velocity as x = v2/v2c .
As mentioned in section 3.1 there is an upper bound for the velocity. This has not been
marked in the graph.
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Figure 2: Dynkin diagram for A3.
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Figure 3: Dynkin diagram for A4.
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